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Abstract. Ground states of the so called Yukawa model is considered. The Yukawa model
describes a Dirac field interacting with a Klein-Gordon field. By introducing both ultraviolet
cutoffs and spatial cutoffs, the total Hamiltonian is defined as a self-adjoint operator on a
boson-fermion Fock space. It is shown that the total Hamiltonian has a positive spectral gap
for all values of coupling constants. In particular the existence of ground states is proven.
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1 Introduction
In this paper we investigate the existence of ground states of the Yukawa model which describes a Dirac
field interactiong with a Klein-Gordon field. Both Dirac field and Klein-Gordon field are massive, and
ultraviolet cutoffs are imposed on both of them. The total Hamiltonian of the Yukawa model is the sum
of the free Hamiltonian and the interaction Hamiltonian:
H = HDirac⊗ I+ I⊗HKG +κ H ′ (1)
on F = FDirac ⊗FKG, where κ > 0 is a coupling constant. The free Hamiltonians HDirac and HKG are
given by formally
HDirac = ∑
s=±1/2
∫
R3
√
M2 +p2
(
b∗s (p)bs(p) + d∗s (p)ds(p)
)
dp, M > 0,
HKG =
∫
R3
√
m2 +k2a∗(k)a(k)dk, m > 0.
In the subsequent section, we give the rigorous definition of HDirac and HKG. The interaction Hamiltonian
H ′ is defined by
H ′ =
∫
R3
χI(x)ψχDir (x)ψχDir (x)⊗φχKG (x)dx,
where ψχDir (x) is a Dirac field with an ultraviolet cutoff χDir , and φχKG (x) a Klein-Gordon field with an
ultraviolet cutoff χKG . We furthermore introduce a spatial cutoff χI(x) in H ′ to define H as a self-adjoint
operator. Since the interaction H ′ is relatively bounded with respect to HDirac ⊗ 1+ 1⊗HKG by virtue
of cutoffs, H is self-adjoint and bounded from below by the Kato-Rellich theorem. We say that a self-
adjoint operator X bounded from below has a ground state, if the bottom of its spectrum is an eigenvalue,
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and the difference between the bottom of the spectrum and that of the essential spectrum is called spectral
gap. In this paper we show that H has a positive spectral gap for all values of coupling constants. In
particular the existence of ground states follows from this.
In the last decade, a system of quantum particles governed by a Schro¨dinger operator interacting with
a massless bose field are successfully investigated. In particular the existence of ground states of some
massless models in non-relativistic QED is proven in [8, 10] for all values of coupling constants. It is
also shown in [1, 5, 4, 17] that ground states of a massless model in QED exist but for sufficiently small
values of coupling constants. Since quantized radiation fields in QED and in nonrelativistic QED are
massless, the spectral gap of the free Hamiltonians is zero. Then all the results mentioned above are not
trivial. For other topics on the system of fields interacting fields, refer to [1, 5]. On the analysis of a field
equation of the Yukawa model, called the Dirac-Klein-Gordon equation, see [6, 12, 19].
Now let us consider the existence of ground states of the Yukawa model H . Since HDirac and HKG are
massive, the spectral gap of HDirac⊗ 1+ 1⊗HKG is positive. Then the regular perturbation theory [14]
says that H also has ground states for sufficiently small values of coupling constants. It is not obvious,
however, whether H also has ground states for all values of coupling constants. Moreover unfortunately
we can not directly apply methods developed in [8, 10] to show the existence of ground states of H .
Outline of our strategy is as follows. To prove the existence of ground states of H , we use a momentum
lattice approximation [9, 2]. Then H can be approximated with some lattice parameters V and L as
HL,V = HDirac,V ⊗1+1⊗HKG+κH ′L,V .
It is shown that HDirac,V has a compact resolvent. Then from a standard argument as in [8, 2], it follows
that HL,V has a positive spectral gap which is uniform with respect to V and L by positive masses m and
M. Since HL,V converges to H in the uniform resolvent sense as V → ∞ and L → ∞, we can see that H
also has a positive spectral gap. In this paper integrable condition
∫
R3 |x| |χI(x)|dx < ∞ is supposed. This
assumption corresponds to the spatial localization discussed in [3, 10].
This paper is organized as follows. In Section 2, we introduce Dirac fields and Klein-Gordon fields with
ultraviolet cutoffs. Then we define the Yukawa Hamiltonian with spatial cutoffs on a boson-fermion
Fock space, and state a main result. In Section 3, we give the proof of the main theorem.
2 Definitions and Main Results
2.1 Dirac Fields and Klein-Gordon Fields
We first consider Dirac fields. The state space defined by FDirac =⊕∞n=0(⊗naL2(R3;C4)), where⊗naL2(R3;C4)
denotes the n-fold anti-symmetric tensor product of L2(R3;C4) with ⊗0aL2(R3;C4) := C. Let D
be the subset of L2(R3;C4). We define the finite particle subspace F finDirac(D) on D by the set of
Ψ = {Ψ(n)}∞n=0 satisfying that Ψ(n) ∈ ⊗naD and Ψ(n
′) = 0 for all n′ > N with some N ≥ 0. Let B(ξ ),
ξ = t(ξ1, · · · ,ξ4)∈ L2(R3;C4), and B∗(η), η = t(η1, · · · ,η4)∈ L2(R3;C4), be the annihilation operator
and the creation operator on FDirac, respectively. For f ∈ L2(R3) let us set
b∗1/2( f ) = B∗(t( f ,0,0,0)), b∗−1/2( f ) = B∗(t(0, f ,0,0)),
d∗1/2( f ) = B∗(t(0,0, f ,0)), d∗−1/2( f ) = B∗(t(0,0,0, f )).
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Then they satisfy canonical anti-commutation relations :
{bs( f ),b∗τ (g)}= {ds( f ),d∗τ (g)}= δs,τ( f ,g)L2(R3),
{bs( f ),bτ (g)}= {ds( f ),dτ (g)} = {bs( f ),dτ (g)} = {bs( f ),d∗τ (g)} = 0.
It is known that bs(ξ ) and ds(ξ ) are bounded with
‖bs(ξ )‖= ‖ds(ξ )‖= ‖ξ‖. (2)
The one particle energy of Dirac field with momentum p ∈ R3 is given by E(p) =
√
p2 + M2, where
M > 0 denotes the mass of an electron. Let
f ls (p) =
χDir(p)uls(p)√
(2pi)3E(p)
, gls(p) =
χDir(p)vls(−p)√
(2pi)3E(p)
, s =±1/2, l = 1, · · · ,4,
where χDir is an ultraviolet cutoff, and us(p) = (uls(p))4l=1 and vs(p) = (vls(p))4l=1 denote spinors with
the positive and negative energy part of α ·p+βM with spin s =±1/2, respectively. Here α j, j = 1,2,3,
and β are the 4×4 matrix satisfying the canonical anti-commutation relation {α j,α l}= 2δ j,l, {α j,β}=
0, β 2 = I. The Dirac field ψ(x) = t(ψ1(x), · · · ,ψ4(x)) is defined by
ψl(x) = ∑
s=±1/2
(bs( f ls,x)+d∗s (gls,x)), l = 1, · · · ,4,
where f ls,x(p) = f ls (p)e−ip·x and gls,x(p) = gls(p)e−ip·x. We introduce the following assumption.
(A.1) (Ultraviolet cutoff for Dirac fields) χDirac satisfies that∫
R3
|χDir(p)uls(p)|2
EM(p)
dp < ∞,
∫
R3
|χDir(p)vls(−p)|2
EM(p)
dp < ∞.
We secondly define Klein-Gordon fields. The state space is defined by FKG = ⊕∞n=0(⊗ns L2(R3)),
where ⊗ns L2(R3) denotes the n-fold symmetric tenser product of L2(R3) with ⊗0s L2(R3) := C. In a
similar way to the case of Dirac fields, we define the finite particle subspace F finKG(M) on M ⊂ L2(R3)
but anti-symmetric tensor products is replaced by symmetric tensor products. Let a(ξ ), ξ ∈ L2(R3), and
a∗(η), η ∈ L2(R3), be the annihilation operator and the creation operator on FKG, respectively. Then
they satisfy canonical commutation relations on FfinKG(L2(R3)) :
[a(ξ ), a∗(η)] = (ξ ,η), [a(ξ ), a(η)] = [a∗(ξ ), a∗(η)] = 0.
Let S be a self-adjoint operator on L2(R3). The second quantization of S is defined by
dΓ(S)↾FKG =
∞⊕
n=0

 n∑
j=1
(I⊗·· · I⊗ S︸︷︷︸
jth
⊗I · · ·⊗ I)


↾FKG
.
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Similarly, we can define the second quantization dΓ(A)↾FDirac of the Dirac field for a operator A on
L2(R3;C4). For η ∈D(S−1/2), a(η) and a∗(η) are relatively bounded with respect to dΓ(S)↾FKG with
‖a(η)Ψ‖ ≤ ‖S−1/2η‖‖dΓ(S)1/2↾FKG Ψ‖, Ψ ∈D(dΓ(S)
1/2
↾FKG
), (3)
‖a∗(η)Ψ‖ ≤ ‖S−1/2η‖‖dΓ(S)1/2↾FKG Ψ‖+‖η‖‖Ψ‖, Ψ ∈D(dΓ(S)
1/2
↾FKG
). (4)
The one particle energy of Klein-Gordon field with momentum k ∈ R3 is given by ω(k) =√k2 + m2,
m > 0. Let us define the field operator φ(x) by
φ(x) = 1√
2
(
a(hx) + a∗(hx)
)
,
where hx(k) = h(k)eik·x with h(k) = χKG(k)√
(2pi)3ω(k)
, and χKG is an ultraviolet cutoff function. We assume
the following condition :
(A.3) (Ultraviolet cutoffs for Klein-Gordon fields) χKG satisfies that∫
R3
|χKG(k)|2
ω(k)
< ∞,
∫
R3
|χKG(k)|2
ω(k)2
< ∞.
2.2 Total Hamiltonian and Main Theorem
The state space of the interaction system between Dirac fields and Klein Gordon fields is given by
F = FDirac⊗FKG,
and the free Hamiltonian by
H0 = HDirac⊗ I + I⊗HKG,
where HDirac = dΓ(E)↾FDirac and HKG = dΓ(ω)↾FKG . To define the interaction, we introduce a spatial
cutoff satisfying the following condition :
(A.3) (Spatial cutoffs) χI satisfies that
∫
R3 |χI(x)|dx < ∞ .
Now let us define the linear functional F × (FfinDirac(D(E))⊗ˆFfinKG(D(ω)) )→ C, where ⊗ˆ denotes the
algebraic tensor product, by
ℓI(Φ,Ψ) =
∫
R3
χI(x)
(
Φ, ψ(x)ψ(x)⊗φ(x)Ψ
)
dx, (5)
where ψ(x) = ψ∗(x)γ0 with γ0 = β . By (2) we have
‖ψl(x)‖ ≤ MlDir, (6)
where MlDir = ∑s=±1/2(‖ f ls‖+‖gls‖). We also see that by (3) and (4),
‖φl(x)Ψ‖ ≤
√
2M1KG‖H1/2KG Ψ‖ +
1√
2
M0KG‖Ψ‖, (7)
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where M jKG = ‖ h√ω j ‖, j ∈ {0}∪N. By (6) and (7), we have
|ℓI(Φ,Ψ)| ≤
(
LI‖(I⊗H1/2KG )Ψ‖+RI‖Ψ‖
)
‖Φ‖, (8)
where LI =
√
2‖χI‖L1 ∑l,l′ |γ0l, l′ | M lDir M l
′
Dir M
1
KG, and RI =
1√
2‖χI‖L1 ∑l,l′ |γ0l, l′ | M lDirM l
′
Dir M
0
KG. By the
Riesz representation theorem, we can define the symmetric operator H ′ : F → F such that
(Φ,H ′Ψ) = ℓI(Φ,Ψ), (9)
and
‖H ′Ψ‖ ≤ LI‖(I⊗H1/2KG )Ψ‖+RI‖Ψ‖. (10)
We see that H ′ is formally denoted by
H ′ =
∫
R3
χI(x)ψ(x)ψ(x)⊗φ(x)dx.
The total Hamiltonian of the Yukawa model is then defined by
H = H0 +κ H ′, κ ∈ R. (11)
Let us consider the self-sdjointness of H . For ε > 0, there exists Cε ≥ 0 such that for all Ψ ∈D(HKG),
‖H1/2KG Ψ‖ ≤ ε‖HKGΨ‖+ cε‖Ψ‖. (12)
Then by (12) and (10), we see that for Ψ ∈D(H0),
‖H ′Ψ‖ ≤ εLI‖H0Ψ‖+(cε LI +RI)‖Ψ‖. (13)
Let us take sufficiently small ε > 0 such as εLI < 1 in (13). Then by the Kato-Rellich theorem, H
is self-adjoint on D(H0) and essentially self-adjoint on any core of H0. In particular, H is essentially
self-adjoint on
D0 = F
fin
Dirac(D(E))⊗ˆFfinKG(D(ω)). (14)
The Kato-Rellich theorem also shows that H is bounded from below i.e. infσ(H) >−∞.
Let X be self-adjoint and bounded from below. Let us denote the infimum of the spectrum of X by
E0(X) = infσ(X). We say that X has a ground state if E0(X) is an eigenvallue of X .
Let
ν = min {m, M}. (15)
Then it is known that the spectrum of H0 is σ(H0) = {0}∪ [ν ,∞). To prove the existence of the ground
states of H , we introduce the additional condition on the spatial cutoff.
(A.4) (Spatial localization) χI satisfies that
∫
R3 |x| |χI(x)|dx < ∞.
Now we are in the position to state the main theorem.
Theorem 2.1
Assume (A.1)-(A.4). Then [E0(H),E0(H)+ ν)∩σ(H) is purely discrete for all values of coupling con-
stants. In particular H has ground states for all values of coupling constants.
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3 Proof of Main Theorem
Let us introduce some notations. Let ΓV be the set of lattice points
ΓV = {q = (q1,q2,q3) | q j = 2piV n j, n j ∈ Z, j = 1,2,3}.
For each lattice point q ∈ ΓV , set C(q,V ) = [q1− piV ,q1+ piV )× [q2− piV ,q2+ piV )× [q3− piV ,q3+ piV ) ⊂ R3
and IL = [−L,L]× [−L,L]× [−L,L] ⊂R3. For ξ ∈ L2(R3), we define the approximated functions ξL and
ξL,V by
ξL(k) = ξ (k)χIL(k),
ξL,V (k) = ∑
q∈ΓV
ξ (q)χC(q,V )∩IL(k),
where χJ(k) denotes the characteristic function on J ⊂ R3. By considering the map L2(R3) ∋ ξ =
∑q ξ (q)χC(q,V ) 7→ (ξ (q))q∈ΓV ∈ ℓ2(ΓV ), we can identify ℓ2(ΓV ) as a closed subspace of L2(R3). Let us
set
FV = FDirac,V ⊗FKG,
where FDirac,V = ⊕∞n=0(⊗naℓ2(ΓV ;C4)). Let us define H0,V on F by
H0,V = HDirac,V ⊗ I+ I⊗HKG,
where HDirac,V = dΓ(EV )↾FDirac with EV (p) = ∑
q∈ΓV
E(q)χC(q,V )(p). Approximated interaction Hamiltoni-
ans are also defined by
H ′L,V
∫
R3
χI(x)
(
ψL,V (x)ψL,V (x)⊗φ(x)
)
dx,
H ′L =
∫
R3
χI(x)
(
ψL(x)ψL(x)⊗φ(x)
)
dx,
where ψL(x) = (ψ lL(x))4l=1 and ψL,V (x) = (ψ lL,V (x))4l=1 with ψ lL(x) = ∑
s=±1/2
{bs(( f ls,x)L) +d∗s ((gls,x)L)}
and ψ lL,V (x) = ∑
s=±1/2
{ bs(( f ls,x)L,V ) +d∗s ((gls,x)L,V )}. Let
HL,V = H0,V + κH ′L,V , (16)
HL = H0 + κH ′L. (17)
In a similar way to the case of H , we can prove that HL and HL,V are essentially self-adjoint on D0 and
D0,V = F
fin
Dirac(D(EV ))⊗ˆFfinKG(D(ω)), respectively.
Lemma 3.1 Assume (A.1)-(A.3). Then HL,V is reduced to FV .
(Proof) Let us denote pV the orthogonal projections from L2(R3) to ℓ2(ΓV ). Then Γ(pV ) =⊕∞n=0(⊗n pV )
is the projection from FDirac to FDirac,V . Let Ψ ∈D0,V . Then it is easy to see that (Γ(pV )⊗ I)H0,V Ψ =
H0,V (Γ(pV )⊗ I)Ψ . By using pV χC(q,V ) = χC(q,V ), we see that for all Φ ∈ F,∫
χI(x)(Φ,(Γ(pV )ψL,V (x)ψL,V (x))⊗φ(x)Ψ)dx=
∫
χI(x)(Φ,(ψL,V (x)ψL,V (x)⊗φ(x))(Γ(pV )⊗I)Ψ)dx.
Hence (Γ(pV )⊗ I)H ′L,V Ψ = H ′L,V (Γ(pV )⊗ I)Ψ. Thus (Γ(pV )⊗ I)HL,V Ψ = HL,V (Γ(pV )⊗ I)Ψ follows
for all Ψ ∈D0,V . Since D0,V is a core of HL,V , the lemma follows. 
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Proposition 3.2 Assume (A.1)-(A.4). Then HL,V ↾FV has purely discrete spectrum in [E0(HL,V ),E0(HL,V )+
ν).
To prove Proposition 3.2, we also take the lattice approximation of Klein-Gordon fields. Let us set
FV,V ′ = FDirac,V ⊗FKG,V ′ ,
where FKG,V ′ = ⊕∞n=0(⊗nsℓ2(ΓV ′)). Set
H0,V,V ′ = HDirac,V ⊗ I+ I⊗HKG,V ′ ,
where HKG,V ′ = dΓ(ωV ′)↾FKG with ωV ′(k) = ∑
q∈ΓV ′
ω(q)χC(q,V ′)(k). Let
H ′L,V,L′ =
∫
R3
χI(x)
(
ψL,V (x)ψL,V (x)⊗φL′(x)
)
dx,
H ′L,V,L′,V ′
∫
R3
χI(x)
(
ψL,V (x)ψL,V (x)⊗φL′,V ′(x)
)
dx,
where φL′(x) = 1√2
{
a((hx)L′)+a∗((hx)L′)
}
and φL′,V ′(x) = 1√2
{
a((hx)L′,V ′)+a∗((hx)L′,V ′)
}
. Let
HL,V,L′,V ′ = H0,V,V ′ + κH ′L,V,L′,V ′ , (18)
HL,V,L′ = H0,V + κH ′L,V,L′. (19)
In a similar way to H , we can prove that HL,V,L′ and HL,V,L′,V ′ are essentially self-adjoint on D0,V and
D0,V,V ′ = F
fin
Dirac(D(EV ))⊗ˆFfinKG(D(ωV ′)), respectively.
Lemma 3.3 Suppose (A.1)-(A.3). Then HL,V,L′,V ′ is reduced to FV,V ′ , and HL,V,L′,V ′↾FV,V ′ has purely dis-
crete spectrum in [E0(HL,V,L′,V ′), E0(HL,V,L′,V ′)+ν).
(Proof) In a similar way to the proof of Lemma 3.1, it is shown that HL,V,L′,V ′ is reduced to FV,V ′ . Since
H0,V,V ′↾FV,V ′ has a compact resolvent, HL,V,L′,V ′↾FV,V ′ also has a compact resolvent by the general theorem
[2, Theorem 3.8]. Hence, in particular, HL,V,L′,V ′↾FV,V ′ has purely discrete spectrum in [E0(HL,V,L′,V ′),
E0(HL,V,L′,V ′)+ν). 
Lemma 3.4 Assume (A.1)-(A.4). Then for all z ∈C\R, it follows that
(1) lim
V ′→∞
‖(HL,V,L′,V ′− z)−1− (HL,V,L′− z)−1‖= 0, (2) lim
L′→∞
‖(HL,V,L′− z)−1− (HL,V − z)−1‖= 0.
(Proof) We see that
(HL,V,L′,V ′ − z)−1− (HL,V,L′− z)−1 (20)
= (HL,V,L′,V ′ − z)−1
{
I⊗ (HKG−HKG,V ′)+κ(H ′L,V,L′−H ′L,V,L′,V ′)
}
(HL,V,L′− z)−1. (21)
Let CV ′,m =
√
3
(
pi
V ′
)3
( 12m +1). It is shown in [2, Lemma 3.1] that
‖(I⊗ (HKG−HKG,V ′))(HL,V,L′ − z)−1‖ ≤
2CV ′,m
(1−CV ′,m)
‖(I⊗HKG)(HL,V,L′− z)−1‖ → 0 (22)
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as V ′→ ∞. By (3) and (4), we also see that
‖(H ′L,V,L′ −H ′L,V,L′,V ′)(HL,V,L′− z)−1‖ ≤∑
l,l′
|γ0l,l′ |MlDirMl
′
Dir
{
β1
∫
R3
|χI(x)|
∥∥∥∥ (hx)L′√ω − (hx)L′,V ′√ω
∥∥∥∥dx
+β2
∫
R3
|χI(x)|‖(hx)L′ − (hx)L′,V ′‖
}
dx,
where β1 =
√
2‖I⊗H1/2KG (HL,V,L′−z)−1‖ and β2 = 1√2‖(HL,V,L′−z)−1‖. From Assumptions (A.2), (A.4)
and the fact |eik·x − eik′·x| ≤ |k− k′| |x|, it follows that lim
V ′→∞
∫
R3 |χI(x)|‖(hx)L′ − (hx)L′,V ′‖ dx = 0 and
lim
V ′→∞
∫
R3 |χI(x)|
∥∥∥ (hx)L′√ω − (hx)L′ ,V ′√ω ∥∥∥dx = 0. Hence we have limV ′→∞‖(H ′L,V,L′−H ′L,V,L′,V ′)(HL,V,L′−z)−1‖= 0.
Thus we obtain (1). In a similar way to (1), we can also prove (2). 
(Proof of Proposition 3.2)
The decomposition L2(R3) = ℓ2(ΓV ′)⊕ ℓ2(ΓV ′)⊥ yields that FKG ≃ FKG,V ′ ⊗ (⊕∞n=0ℓ2(ΓV ′)⊥). Then we
have FV ≃ FV,V ′ ⊕ (FV,V ′)⊥, where (FV,V ′)⊥ = ⊕∞n=1F(n)V,V ′ with F
(n)
V,V ′ = FV,V ′ ⊗ (⊗nsℓ2(ΓV ′)⊥). Then we
have for n ≥ 1,
HL,V,L′,V ′↾F(n)V,V ′
≃ HL,V,L′,V ′ ↾FV,V ′ ⊗ I↾⊗ns ℓ2(ΓV ′ )⊥ + I↾FV,V ′ ⊗dΓ(ω)↾⊗ns ℓ2(ΓV ′ )⊥ ≥ E0(HL,V,L′,V ′)+nm.
Hence we have HL,V,L′,V ′↾(FV,V ′ )⊥ ≥E0(HL,V,L′,V ′)+ν . While HL,V,L′,V ′↾FV,V ′ has purely discrete spectrum in
[E0(HL,V,L′,V ′), E0(HL,V,L′,V ′)+ν) by Lemma 3.3. Then HL,V,L′,V ′↾FV also has purely discrete spectrum in
[E0(HL,V,L′,V ′), E0(HL,V,L′,V ′)+ν). Since HL,V,L′,V ′ converges to HL,V,L′ as V ′ → ∞ in the norm resolvent
sense by Lemma 3.4, HL,V,L′ has purely discrete spectrum in [E0(HL,V,L′),E0(HL,V,L′)+ν) by [15, Lemm
4.6]. Since HL,V,L′ converges to HL,V in the norm resolvent sense as L′ → ∞ by Lemma 3.4, HL,V has
also purely discrete spectrum in [E0(HL,V ),E0(HL,V )+ν).
Lemma 3.5 Assume (A.1)-(A.4). For all z ∈ C\R, it follows that
(1) lim
V→∞
‖(HL,V − z)−1− (HL− z)−1‖= 0, (2) lim
L→∞
‖(HL− z)−1− (H− z)−1‖= 0.
(Proof) The proof is quite parallel with that of Lemma 3.4 Let CV,M =
√
3
(
pi
V
)3
( 12M+1 ). Then
‖(HL,V − z)−1− (HL− z)−1‖ ≤ 1|Imz|
{
2CV,M
1−CV,M ‖(HDirac⊗ I)(HL− z)
−1‖
+ C∑
l,l′
|γ0l,l′ |
∫
R3
|χI(x)|( ‖(ψ lL,V (x)−ψ lL(x))∗‖‖ψ l
′
L,V (x)‖ + ‖ψ lL(x)‖‖ψ l
′
L,V (x)−ψ l
′
L (x))‖)
}
dx, (23)
where C =
√
2M1KG‖(I⊗H1/2KG )(HL−z)−1‖ + 1√2M0KG‖(HL−z)−1‖. Here we used (7). By (2) and (A.4),
there exists a constant clL ≥ 0 such that ‖ψ lL,V (x)‖ ≤ clL, and
∫
R3 |χI(x)|‖ψ lL,V (x)−ψ lL(x))‖dx → 0 as
V → ∞. Then ‖(H ′L,V −H ′L)(HL− z)−1‖ → 0 as V → ∞ follows. Thus we obtain (1). Similarly we can
prove (2). 
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(Proof of Theorem 2.1)
The proof is parallel with that of Proposition 3.2. From the decomposition L2(R3;C4) = ℓ2(ΓV ;C4)⊕
ℓ2(ΓV ;C4)⊥, it follows that F≃FV ⊕(FV )⊥, where (FV )⊥=⊕∞n=1F(n)V with F(n)V =FV ⊗(⊗naℓ2(ΓV ;C4)⊥).
Then we have for n ≥ 1,
HL,V ↾F(n)V
≃ HL,V ↾FV ⊗ I↾⊗naℓ2(ΓV ;C4)⊥ + I↾FV ⊗dΓ(ω)↾⊗naℓ2(ΓV ;C4)⊥ ≥ E0(HL,V )+nM, (24)
and HL,V ↾(FV )⊥ ≥ E0(HL,V )+ ν . Then HL,V has purely discrete spectrum in [E0(HL,V ),E0(HL,V )+ ν),
since HL,V ↾FV has purely discrete spectrum in [E0(HL,V ),E0(HL,V )+ν) by Proposition 3.2. Then Lemma 3.5
yields that H has also purely discrete spectrum in [E0(H),E0(H)+ν). 
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